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Abstract
We generalize the construction of Snyder to a Lorentz covariant noncommutative
superspace.
1 Introduction
Snyder [1] introduced noncommutative geometry by considering de Sitter momentum
space. (See also Yang [2].) Lorentz invariance is preserved, while translation invariance
is broken by the finite radius of the momentum space, corresponding to quantization
of the conjugate configuration space. The noncommuting translation operators of this
momentum space become the noncommuting position operators of configuration space:
[xa, xb] ∼ Lab (1.1)
in terms of position x and angular momentum L. Gol’fand [3] applied this concept to
interacting theories. Here we will review and clarify these results, and then extend them
to superspace:
{θ, θ} ∼ x+ L+ T (1.2)
in terms of the fermionic coordinates θ and internal (R) symmetry charges T . This form of
noncommutative geometry appeared in a supersymmetric, higher-derivative particle the-
ory that reproduces the superstring theory prediction of supergravity as one-loop bound
states in D=10 [4].
2 Bosonic
2.1 Coordinates
The first example of quantization we learn as students is the particle in a one-dimensional
box. Snyder’s basic idea is to consider a box in momentum space, so the coordinates
of position space are quantized instead. The size of the box now acts as an ultraviolet
cutoff, rather than an infrared one; such a cutoff is often used in introductory quantum
field theory, although no consideration is given to its position space interpretation. In
this case we use periodic boundary conditions; i.e., the box is really a circle, so position
takes all negative as well as all positive integer values. In generalization to higher (four)
dimensions, we use a (hyper)sphere, so that Lorentz invariance is preserved. (We Wick
rotate from de Sitter space, so both space and time are quantized. Also, this is a 4-sphere,
rather than the interior of a 3-sphere, used for the usual UV cutoff.) Clearly each of the
four spacetime coordinates is quantized, though they are not simultaneously observable.
(A familiar analog is quantization of angular momentum for the 2-sphere, in terms of polar
coordinates. Here we use Cartesian-style coordinates to manifest Lorentz invariance, and
to distinguish angular momentum from position.)
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We begin by choosing an appropriate coordinate system. The simplest choice that
manifests SO(D) Lorentz invariance (out of the full SO(D+1) invariance of the D-sphere)
is that defined by (azimuthal) stereographic projection (S). These coordinates cover the
entire sphere (if we include “infinity”, as the point on the sphere antipodal to the “origin”),
unlike the (azimuthal) gnomonic projection (G) used by Snyder, which covers only half the
sphere, as does the case of (azimuthal) orthographic projection (O). These three standard
“GSO projections” are obtained by projecting in flat (D+1)-space through the sphere
onto a (D-)plane touching it at one point, from a point on the corresponding axis, at the
center of the sphere (G), the point on the sphere antipodal to the contiguous point (S),
or the point at infinity (O). The coordinates chosen for the plane are then induced on
the sphere. Map makers conventionally use polar coordinates for the (2-)plane; here we
use Cartesian coordinates, to manifest SO(D). Other Cartesian-like coordinates for the
sphere may be useful for other purposes: e.g., equidistant coordinates are natural in the
1D case, where they are just the angle around the circle.
The most general SO(D)-manifest coordinates for the sphere take the form
P˜ = A
(
p− x · p
x2
x
)
+
A2 + x2
A− x2A′
x · p
x2
x
gmn =
1
A2 + x2
[(
ηmn − xmxn
x2
)
+
(A− x2A′)2
A2 + x2
xmxn
x2
]
(2.1)
√
g =
A− x2A′
(A2 + x2)(D+1)/2
for some function A(1
2
x2) and its derivative A′, where P˜ are the translation generators.
The metric is related to the SO(D+1) Casimir
P˜ 2 + 1
2
(x[mpn])2 = gmnpmpn . (2.2)
At this point of our discussion x are the coordinates of the sphere. Later we will switch
x and p; P˜ will then become the position operators. In the stereographic case,
A = 1− 1
4
x2 ⇒ P˜ = (1− 1
4
x2)p+ 1
2
x · p x, gmn = ηmn
(1 + 1
4
x2)2
. (2.3)
This result is identical to the construction of the coset space representation of the “de
Sitter” group SO(D+1) from the coset space representation of the “conformal” group
SO(D+1,1): The coordinates for the conformal group where P = p directly yield stere-
ographic coordinates for the sphere, with P˜ = P + K in terms of the conformal boosts
K.
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2.2 Sums
We can identify the sphere with the coset space SO(D+1)/SO(D), so a point p on the
sphere corresponds to a finite “translation” g(p) from the origin. We can then noncommu-
tatively “add” two points, as defined by performing two consecutive such transformations:
g(p)g(q) = g(p⊕ q)Λ (2.4)
where the g’s are in the coset (translations) while Λ is in the subgroup SO(D). Addition of
points is not commutative because it involves parallel displacement of one “vector” along
another in a space with curvature. The ambiguity of performing an additional SO(D)
transformation is resolved by requiring that points have “inverses” under this addition
(identically, not just up to an SO(D) transformation):
g(p)g(⊖p) = g(⊖p)g(p) = g(0) = I . (2.5)
We then have the identities
p⊕ 0 = 0⊕ p = p, p⊕ (⊖p) = (⊖p)⊕ p = 0, (⊖p)⊕ (p⊕ q) = q . (2.6)
The explicit addition rule in a given set of coordinates can be determined easily by
examining the case of the 2-sphere, since it involves only 2 points (and the origin). In
particular, for the choice of stereographic coordinates, using complex notation:
g(z) =
1√
1 + zz¯
(
1 −z¯
z 1
)
, z =
1
2
(p1 + ip2) (2.7)
⇒ g(z)g(z′) = g(z′′)Λ, z′′ = z + z
′
1− z¯z′ , Λ =
(
eih(z,z
′) 0
0 e−ih(z,z
′)
)
. (2.8)
We then find for stereographic coordinates in arbitrary dimensions
p⊕ q = (1−
1
2
p · q − 1
4
q2)p+ (1 + 1
4
p2)q
1− 1
2
p · q + 1
16
p2q2
. (2.9)
(The same result can be obtained directly in higher dimensions by using the correspond-
ing expression for Dirac matrices of SO(D+1). Gol’fand also considered stereographic
coordinates for the transformation, although not for the point itself.) From this explicit
representation we then find
⊖(p⊕ q) = (⊖p)⊕ (⊖q), p⊕ (q ⊕ r) = 0⇔ r ⊕ (q ⊕ p) = 0 (2.10)
where in Cartesian-like coordinates ⊖p = −p.
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Because of the coset nature of this addition, it is also nonassociative:
p⊕ (q ⊕ r) = [cp p+ cq q + cr r] /cd
cp = (1− 14q2)(1− 14r2)− q · r − 12(1− 12q · r − 14r2)p · q − 12(1 + 14q2)p · r
cq = (1 +
1
4
p2)(1− 1
2
q · r − 1
4
r2)
cr = (1 +
1
4
p2)(1 + 1
4
q2) (2.11)
cd = 1− 12(1− 14p2)q · r − 12(1− 12q · r − 14r2)p · q − 12(1 + 14q2)p · r
+ 1
16
(p2q2 + p2r2 + q2r2)
whereas
(p⊕ q)⊕ r =
[
c′p p+ c
′
q q + c
′
r r
]
/c′d
c′p = (1− 12p · q − 14q2)(1− 12s · r − 14r2)
c′q = (1 +
1
4
p2)(1− 1
2
s · r − 1
4
r2)
s =
{
(1− 1
2
p · q − 1
4
q2)p+ (1 + 1
4
p2)q
}
/(1− 1
2
p · q + 1
16
p2q2)
c′r = (1 +
1
4
p2)(1 + 1
4
q2) (2.12)
c′d = 1− 12(1− 14r2)p · q − 12(1− 12p · q − 14q2)p · r − 12(1 + 14p2)q · r
+ 1
16
(p2q2 + p2r2 + q2r2) .
2.3 Products
The reality condition for a scalar field in momentum space is then
Φ*(p) = Φ(⊖p) . (2.13)
This leads to the definition of the symmetric inner product, as follows from the usual
Hilbert space one:
Φ ·Ψ ≡
∫
dp Φ(⊖p)Ψ(p) =
∫
dp Φ*(p)Ψ(p) =
∫
dp dq δ(p⊕ q)Φ(p)Ψ(q) (2.14)
where dp is the SO(D+1) invariant measure, and similarly for the Dirac δ function. (Al-
though we will break SO(D+1) to SO(D), this condition allows the measure to be defined
in a coordinate independent way.)
By introducing interactions, Gol’fand effectively introduced an outer product:
(Φ×Ψ)(⊖p) ≡
∫
dq dr δ[q ⊕ (p⊕ r)]Φ(q)Ψ(r) . (2.15)
From (2.10), it follows that this product is commutative (symmetric), in contrast to both
the first-quantized product of position operators and the sum of momenta. In particular,
(Φ×Ψ)(0) = Φ ·Ψ . (2.16)
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However, it is not associative:
(Ξ× (Φ×Ψ))(⊖p) =
∫
dq dr ds δ{r ⊕ [(p⊕ q)⊕ s]}Ξ(q)Φ(r)Ψ(s) ,
((Ξ× Φ)×Ψ))(⊖p) =
∫
dq dr ds δ{r ⊕ [(p⊕ s)⊕ q]}Ξ(q)Φ(r)Ψ(s) . (2.17)
Interaction terms can be obtained from the above at p = 0, or equivalently from expres-
sions such as Ξ · (Φ×Ψ).
A simple example is the one-dimensional case, where transformation to position co-
ordinates can be made explicit, due to commutativity of this case. Choosing the usual
angular (equidistant) coordinate φ for the circle,
P˜ = −i∂φ, gφφ = 1 . (2.18)
We then perform the usual Fourier sum
Φ(φ) =
∞∑
x=−∞
Φxe
iφx (2.19)
for integer x, the eigenvalue of P˜ . The inner and outer products are then the obvious
ones:
Φ ·Ψ =∑
x
ΦxΨx, (Φ×Ψ)x = ΦxΨx (2.20)
Position space then has the obvious discrete symmetry
x→ x+ n (2.21)
for integer n.
3 D=1
3.1 Superconformal
We now generalize the bosonic cases discussed in the last section to supersymmetric cases
by considering super-de Sitter momentum space. One way to derive super-de Sitter coor-
dinates is from representations of superconformal group. (In the next subsection we will
also derive them directly.) There are three methods of derivation of representations of the
superconformal group: by inversion symmetry, by constraints from a higher-dimensional,
linear representation, or by a coset construction.
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The inversion operation is a simple way to extend a representation of supersymmetry
to the superconformal group (see, e.g., [5]). In the case of one bosonic dimension, the
conformal boosts K and S-supersymmetry generators S are obtained by the inversion
x → − 1
λ2x
, θ → − i θ
λx
, θ¯ → i θ¯
λx
(3.1)
from the translation generators P = ∂x and supersymmetry Q = ∂θ + iθ¯∂x. Under this
inversion the supersymmetry-invariant “metric” transforms as
dsflat = dx+ i(dθ¯)θ + i(dθ)θ¯ → 1
λ2x2
dsflat . (3.2)
The one-dimensional de Sitter momentum space, i.e., S1, has inversion invariance in
the stereographic coordinate x. In the equidistance coordinate φ, with λx = tan φ
2
, the
inversion operation is just the constant shift φ→ φ+pi. Requiring the inversion invariance
under (3.1) the super-de Sitter metric is given by
dsdS =
dsflat
1 + λ2x2
(3.3)
with the de Sitter space diameter 1/λ.
The superconformal group for D=1 is OSp(2N|2). This OSp(2N|2) representation can
also be derived from manifest OSp(2N|2) coordinates:
1. Start with the defining representation of two x’s and 2N real θ’s.
2. Apply the one constraint x · p + θ · pi = 0 to determine one momentum p = 0 and
gauge fix the corresponding x = 1.
Finally, we can also derive superconformal transformations, directly in finite form,
from the “half-coset” [6] OSp(2N|2)/OSp(N|1)U(1)+.
OSp(2N|2) is generated by Qi, Si with i = 1, ..., 2N , and P,K,∆, Tij, which are
generators of the bosonic subgroup Sp(2)⊗SO(2N): The algebra is
{Qi, Qj} = δijP , {Si, Sj} = δijK , {Qi, Sj} = δij∆− i
2
Tij
[P, Si] = −iQi , [K,Qi] = iSi , [∆, Qi] = i
2
Qi , [∆, Si] = − i
2
Si
[Tij , Qk] = −δk[iQj] , [Tij , Sk] = −δk[iSj] (3.4)
[P,K] = −2i∆ , [∆, P ] = iP , [∆, K] = −iK , [Tij , Tkl] = δ[l|[iTj]|k] .
This representation of the one-dimensional superconformal generators is
Qi = pii +
1
2
pθi , Si = xQi − i2θiθ · pi (3.5)
P = p , K = x(xp− iθpi) , ∆ = xp− i
2
θ · pi , Tij = θ[ipij]
with [x, p] = i and {θi, pij} = δji .
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3.2 Super-de Sitter
Next we will obtain a representation of the super-de Sitter algebra from the superconfor-
mal algebra. Taking linear combinations of generators of OSp(2N|2),
Q˜a =
1
2
{(Qa + iQa+N )− iλ(Sa + iSa+N )}
˜¯Q
a
=
1
2
{(Qa − iQa+N ) + iλ(Sa − iSa+N )} (3.6)
P˜ =
1
2
(P + λ2K)
T˜a
b =
1
4
{(Tab + Ta+N b+N)− i(Ta b+N + Tb a+N)} (3.7)
with a = 1, ..., N , leads to the following closed algebra:{
Q˜a,
˜¯Q
b
}
= δba(P˜ −
λ
2N
T˜tracepart)− λ
2
T˜a
b
[
P˜ , Q˜a
]
= −λQ˜a ,
[
P˜ , ˜¯Q
a]
= λ ˜¯Q
a
[
T˜a
b, Q˜c
]
= δbcQ˜a ,
[
T˜a
b, ˜¯Q
c]
= −δca ˜¯Q
b
(3.8)[
T˜a
b, T˜c
d
]
= δbcT˜a
d − δdaT˜cb .
They generate the subgroup SU(N|1)
OSp(2N|2) ⊃ SU(N|1) , (3.9)
which is the super-de Sitter group.
In terms of the complex coordinates
θ˜a =
1√
2
(θa + iθa+N ) ,
˜¯θa =
1√
2
(θa − iθa+N ) , (3.10)
a representation of these super-de Sitter generators is
Q˜a =
1√
2
{
(1 + iλx)(
∂
∂θ˜a
+
p
2
˜¯θa) +
λ
2
˜¯θa(θ˜ · ∂
∂θ˜
+ ˜¯θ · ∂
∂˜¯θ
)
}
˜¯Q
a
=
1√
2
{
(1− iλx)( ∂
∂˜¯θa
+
p
2
θ˜a)− λ
2
θ˜a(θ˜ · ∂
∂θ˜
+ ˜¯θ · ∂
∂˜¯θ
)
}
(3.11)
P˜ =
1
2
(1 + λ2x2)p− i
2
λ2x(θ˜ · ∂
∂θ˜
+ ˜¯θ · ∂
∂˜¯θ
)
T˜a
b = −θ˜b ∂
∂θ˜a
+ ˜¯θa
∂
∂˜¯θb
.
The “super-stereographic projection”
λx = tan
φ
2
, θ˜a = (1 + i tan
φ
2
)ϑa , ˜¯θa = (1− i tan φ
2
)ϑ¯a (3.12)
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brings the above representation (3.11) into simpler form as
Q˜a =
1√
2
(
∂
∂ϑa
+ λϑ¯a(−i∂φ + ϑ¯ · ∂
∂ϑ¯
)
)
˜¯Q
a
=
1√
2
(
∂
∂ϑ¯a
+ λϑa(−i∂φ − ϑ · ∂
∂ϑ
)
)
(3.13)
P˜ = λ
(
−i∂φ − 1
2
(ϑ · ∂
∂ϑ
− ϑ¯ · ∂
∂ϑ¯
)
)
T˜a
b = −ϑb ∂
∂ϑa
+ ϑ¯a
∂
∂ϑ¯b
.
Under an inversion φ is just constantly shifted, φ → φ + pi, and the ϑ’s are inert, so
inversion symmetry is manifest in this supercoordinate system. It gives consistent super-
Fourier transformation as a natural extension of (2.19).
To define inner and outer products (2.14) and (2.15), we need to find a noncommu-
tative addition for supercoordinates, which satisfies (2.10), by a construction analogous
to (2.7), (2.8) and (2.9). It is given by the following parametrization of the coset space
SU(N|1)/SU(N):
g(φ, θ) =
1
1 + θ¯θ

 eiφ
[
(1 + θ¯θ)I − 2θθ¯
]
ei(N+1)φ/22θ
−ei(N+1)φ/22θ¯ eiNφ(1− θ¯θ)

 , (3.14)
where θ is a column vector and θ¯ is a row vector. (The same expression then works for
SU(N|M)/SU(N)SU(M), with different normalization of the φ phase factors.) The inverse
matrix is this matrix with φ→ −φ, θ → −θ, g(φ, θ)−1 = g(−φ,−θ). The metric is given
by
dsdS = dφ
{
1− N − 1
N
2θ¯θ
(1 + θ¯θ)
}
+ 2i
(dθ¯)θ + (dθ)θ¯
(1 + θ¯θ)
. (3.15)
As for the bosonic case, the above “coordinates” φ and θ are treated as momenta. P˜
becomes the position operator “X”, while Q˜ becomes the non-anticommutative operator
“Θ” (not to be confused with the momenta x and θ used above); together, X and Θ are the
generalization of the usual superspace coordinates. As for the bosonic higher-dimensional
case, where the algebra of coordinate operators closes on angular momentum, here it
closes on the R-symmetry charges. In units λ = 1, X now takes integer values for bosonic
states, half-integer for fermionic.
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4 D>1
Here we list the super-(anti-)de Sitter groups in all dimensions, and the corresponding
superconformal groups:
D superconformal → super-de Sitter bosonic real
subgroup fermions
1 OSp(2N|2) SU(N|1) SU(N)U(1) 2N
2 OSp(N|2)2 OSp(N|2) SO(N)Sp(2) 2N
3 OSp(N+M|4) OSp(N|2)OSp(M|2) SO(N)SO(M)Sp(2)2 2(N+M)
4 SU(N|4) OSp(N|4) SO(N)Sp(4) 4N
5 SU(N|4) SU(N)SU(4)U(1) 8N
(4.1)
The coset-space representations of the two groups have the same coordinates:
D half-coset of superconformal = super-de Sitter coset
1 OSp(2N|2)/SO(2N)U(1)+ SU(N|1)/SU(N)
2 OSp(N|2)2/SO(N)2U(1)2+ OSp(N|2)/SO(N)U(1)
3 OSp(N+M|4)/SO(N+M)Sp(2)U(1)+ OSp(N|2)OSp(M|2)/SO(N)SO(M)Sp(2)
4 SU(N|4)/SU(N)Sp(2)2U(1)2+ OSp(N|4)/SO(N)Sp(2)2
5 SU(N|4)/SU(N)Sp(4)
(4.2)
The one-dimensional super-de Sitter case was given in the previous subsection (3.14).
The five-dimensional case can be treated in the same way. For the remaining cases, the
coset OSp(n|2m)/SO(n) is parametrized by
g(θ, U) =

 (I − θΩθT )(I + θΩθT )−1 −2(I + θΩθT )−1θΩiU
2θT (I + θΩθT )−1 (I + θT θΩ)−1(I − θT θΩ)iU

 (4.3)
where Ω is the Sp(2m) metric and
UΩUTΩ = I . (4.4)
In all cases U can be written in the same form as (2.7), where “z” is in R, C, H (quater-
nions) for D = 1, 2, 4. (For D=4, write the quaternions as 2×2 complex matrices, and
the “bar” is the quaternion conjugate.) The inverse of g is obtained just by replacing
θ → −θ again (and the usual for x). The super-de Sitter metric is given by
ds2dS = tr
[
dUU−1 + 2(I + θT θΩ)−1(θTdθ − dθT θ)Ω(I + θT θΩ)−1
]2
. (4.5)
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5 Conclusions
We have reviewed Snyder’s construction of de Sitter momentum space in an explicit way,
and extended it to superspace. Among the “GSO projection” coordinates, which are
manifestly Lorentz covariant and give the flat (continuum) limit straightforwardly, stere-
ographic coordinates are best, since they cover the whole space. The de Sitter coordinates
can be obtained from representations of the conformal group, and add noncommutatively.
We have defined the inner and outer products of fields on the de Sitter momentum space
by the analog of momentum conservation; both are commutative, but the outer product
turns out to be nonassociative. “Local” terms in the action can be expressed as the re-
sult of multiple outer products evaluated at zero momentum, or with one outer product
replaced with an inner product.
We have extended the bosonic results to super cases. Super-de Sitter coordinates can
be obtained from representations of superconformal groups. Three kinds of derivations of
representations of superconformal algebras have been considered: by inversion, by con-
straint from higher dimension, and as coset spaces. The one-dimensional case lends itself
naturally to “super-stereographic projection”, which manifests the inversion symmetry
of the de Sitter momentum space, and leads to the super-extension of the equidistance
coordinate used for the definition of Fourier transformation.
Super-de Sitter coordinates can also be obtained directly as coset spaces, includ-
ing representations of finite transformations. Supercoordinates are given by explicit
parametrizaion of the supermatrices, and addition of supercoordinates is determined from
the group multiplication. This parametrization satisfies that supervectors have an “in-
verse” with respect to the noncommutative superspace addition (as do the bosonic cases).
Then the super extention of the inner and outer products can be defined.
This approach can be useful not only for studies of noncommutative superspace (e.g.,
[7]) but also to explore supersymmetry in lattice theories.
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